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What is Higher-Spin Algebra (HSA) ?

......

- Higher-spin extension of { Pu, May }
> Gauging { Pa, Map } =¥ Gravity "
> Gauging HSA =» Higher-spin Gauge Theory

> Q) but, must we have HSA ?

A) Yes, because - g‘?
» Q) so, what is HSA? ~

A) inf. dim. Lie algebra such that -



HS Gauge Theory given by Slg,, Yuvpos - -]

Gauge Sym
59;“/ — V(M£V) T O(SO)




KI”IHQ Eq ?(mém...us) = (

ex. flat bg fu — Uq (Pa),u + Wab (Mab),u

((9(“5”) =0 with (P%), =90, and (M), = 2l 52]

D

% Ambient-Space formulation R’



% Ambient-Space formulation
(A)dS tensor field Amb-Space tensor field
furop () —  Fypoan (X)

(X -0x —A)NF=0=X -0y F

1
F(X,U) =~ Fyyoons, (X)UM - U

Gauge field & parameter
SO,U&“‘,LLS('CB) ? g,ul"',Uur(x) D (I)(X7 U) 9 E(X7 U)

with (X -0x —U-0y+2)®=0=X -9y
(X -0x —U-0y)E=0=X -0yE

590#1“',&3 = ?(M Epgps) € 0O =U-0x FE

e — ——




traceless condition
Kl”lng Eq V(i €pg-ps) =0 ntthe i, =0

ex. flat bg £ =g (P")y + wap (M),

8(,ugv) =0 with (P%), =90, and (M), = zl@ b

)

% Ambient-Space formulation R o

SPo _ _
X -9yE=0 (X-0x-U-0y)E=0
S
" yaceless \t@?f\gf
A1 B1,... A, B,

with MAlBlan-A?"BT’ (){'7 U) — X[Al UBl] o X[Ar UBT]
- traces



Higher-Spin i€ Algebra

- Vector space

Span{ MAlBl,...,Ar,nBr }

O(D 4+ 1)
branching ex.
MAB Ma,b P
- D 0(D)
oD +1) lo(D) (D)
 Lie bracket
> Covariant HS charges:
[MAlBl MCD] _ 771410 MDBl LARB, 4.

> Other brackets?



Berends, Burger, van Dam; Barnich, Henneaux

Action with Gauge Sym

Consider a theory with fields ¢; and an action S|y;]

deWitt notation

- Gauge sym 0.¢; 0:S|p;| =0

0S 0
> Closure Ocy » Oey | = Ofe, .1 + CiilE1, €
symmetry [ } £2,€1] J( : 2) 5902 590]

> Jacobi identity Y [0, 5[0y 502,]] =0

transformation cyclic



Expanding in ¢; and Considering
bg @; = 0 and global sym & s.t. §. =0

> Global sym is closed under [, |
Lie bracket

Admissibility condition Konstein, Vasiliev

(1) §@1) 2) __ (1) 2
5551) g2 _ [551 7 552 ]S( ) — §¢ ) G2

[E2,€1]

&

> 5§ : Rep. of global sym Lie algebra

with Jacobi identity



HSA (and its Rep) and Cubic Interactions

Consistent Lie brackets of HSA can be

e extracted from cubic interactions EJ, taronna 13

Brink, Bengtsson, Metsaev, Bekaert, Boulanger,
Fotopoulos, Tsulaia, Manvelyan, Mkrtchyan, Ruehl, ...

e used to construct non-Abelian cubic interactions

Fradkin,Vasiliev, Skvortsov, Boulanger, Ponomarey, ...

> Lie brackets < non-Abelian (NA) cubic couplings
> Jacobi id. < Coupling Cnst of NA couplings

> Represent. < Coupling Cnst of Current couplings



What is this Lie algebra?

e Oscillator-based construction

> 4D [yoz’;yﬁ]zeaﬁ [gdf?jﬁ]zeaﬁ'&ﬁ_12
Fradkin, Vasiliev arbi, para. ’ ’
> 3D Yo ¥ yﬁ]—€a5(1+uk) P
Bergshoeff, Blencowe, Stelle; Vasiliev; Pope, Romans, Shen; ...
> 5D (Y197 =00  Ya " ~0

. . - . 7 /6 — 17 27 37 4
Fradkin, Linetsky; Sezgin, Sundell; Vasiliev

>Any D [Y2iY ] =n"eap  map Yo Y5 ~0
Vasiliev a,=1,2 a,b=0,1,...,D

- Construction from UEA of isometry algebra

HSA — UEA / |dea| lazeolla, Sundell



“ Determine the least number of DoF for which

a QM system admits a given semisimple Lie algebra
¥

and construct the corresponding class of realizations

abstract “Minimal Realizations and Spectrum Generating Algebras™ — Joseph '74

e R—

Ejy.

Minimum number of oscillator pairs necessary
to represent a given semisimple Lie algebra



Minimal Representation:

« Irrep with the minimum Gelfand-Kirillov (GK) dim

# of continuous variables necessary
to describe the rep. vector space

minimum GK dim




Minimal Representation:

« Irrep with the minimum Gelfand-Kirillov (GK) dim

# of continuous variables necessary

to describe the rep. vector space
Remarks

» GK dim of a D-dim “particle™: D —1
> GK dim of MR of sop.1 (iso of AdSp): D — 2

» Flato-Fronsal: 2 x (D —-2)=(D —1)+ (D — 3)

»HSA g of D-dim theory with a finite spectrum

g D S0py1 D—-2<m(g)<D-1
GK dim of MR



Minimal Representation:

« Irrep with the minimum Gelfand-Kirillov (GK) dim

# of continuous variables necessary
to describe the rep. vector space

minimum GK dim

N —1
N —3
° Unique eXCept for 5[]\7 cf. Boulanger, Ponomarev, Skvortsov, Taronna

- Associated with the minimal (nilpotent coad].) orbit

- Joseph ideal: annihilator of MR in UEA



Classical Lie algebras (notation)

SPan [Nap, Nep | =Quac Npyg + Qe Np)a

sln | L%, L] = 0y L%q — 64 L
SON | Moy, Meq | = 2 (naje Map, — Mefe Maja)
Nap = Npa Qap = —{pa My = — My,

AB,...=1,....2N ab,...=1,... N



Minimal (nilpotent coadjoint) orbit

1 1
N(U) =5 Nas Ut L(V)=L%V,,, MW)= > Ma Tab

Omin (5p2N) : UA[B UD]C =0,
Omin(ﬁ[N) : ‘/[ab ‘/c]d =0 9
Omin(soy) : Wolbwed =0 =w*®w,e,

Joseph ideal Joseph; ... ; Fronsdal; ...

h
J(span) © Nap ® Nep + 5 (418 Nejp + Qps Neja — Qe Nap)

h2
+?(QA[B Qep — Qe Qap) ~ 0,
2
. le, o e @ e @ e AN
Tlely) LIty @ L4 h (85 Lg) + Adfy Ly ) + B2 =—— 3}y 8 ~ 0,
N —4
J(soN) © Myp @ Meg — hngpp Megy ~ 0 ~ M ® My — h> ——— g,

2




Minimal Representation

SPon : quadratic in N oscillator(-pair)s (metaplectic

sl linear, quadratic and cubic in N-1 oscillators

son : nhon-polynomial in N-3 oscillators  cunaydin, et a

Reductive Dual Pair Correspondence (Howe duality)

(G17 GQ) C SPQN [yaa’,kyﬁb] — €ap Tlab
1-dim rep (@) €<—> 7o a,B=+ ab=1,..., N

sl SON
(Gl, GQ) — (GLl, GLN) and (Spg, ON)

Yta Y—" ~ A Yoa Yg~ ~ 0



Some Generalizations

hs:u/( & ) wrlipe

A I(v) = ( @(CQ—V)>

B J0) = (m@(cz—u))

Boulanger, Skvortsov

A Partially-massless related

(D—1-20)(D—1+2¢)

e ideal for v=-

4
—1 oo
- coset algebra p.~P P — 9
partially-massless HSA D N S U B

Eastwood, Leistner; Gover, Silhan; Michel; Bekaert, Grigoriev

- directly obtainable with Z, = ( o7

D
—

- correspond to £—dim rep of Spo



Some Generalizations

hs:u/( & ) wrlipe

A I(v) = ( @(Cb—u))

B J0) = (Dj@(Cz—u))

Boulanger, Skvortsov

B Mixed-symmetry related

even D < quotienting out P

(V_V2)"'(V_VD/2):O Vk—T(k—1)<k—T)

spinor

oddD - split into two copies

 D+1

- ideal for vin==

D—3
(h—1) (h + T) helicity-h singleton rep

Vasiliev; Bekaert, Grigoriev

- directly obtainable with
2h+1
Jh= (D & —2117), J;{—(Dj@ - )
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