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Dual Pair Correspondence

* QOscillator Realizations of Lie groups
e “Good and Old”

 Importance in Physics and Mathematics

|  Reductive dual pair
e Spinor-helicity formulation correspondence (Howe duality)

e Twistor theory * Roger Howe

(1976, published in 1989)

e Unfolded formulation
e Theta correspondence




Our original motivations

e Spinor-helicity formulation
» Massive and (A)dS generalizations
e Other dimensions
 Higher spin business
* Any d (partially-massless) higher spin algebras

 Relevant representations (minimal representations etc)



Oscillator realization

e Jordan-Schwinger map (1935)

e SU(2)

1
J3 = 5(aTa—bTb), Jo=d'b, J_=bla,

e U(1) (number operator)
N=ala+b'b,  N[¥;)=2j[¥;).
 1-to-1 correspondence

e SUQ2)irrepj < U(1) irrep 2j



Dual Pair Correspondence

* N set of oscillators = Heisenberg Group Hv = Sp(2N,R)

e Metaplectic representation W (Weil-Segal-Shale)

* Double cover of Sp(2N,R)

e Sp(2,R)=SU(1,1)=SL(2,R) : double cover of SO(1,2)



Dual Pair Correspondence

 Reductive dual pair (G, G’)
* Reductive subgroups in Sp(2N,R)

 Mutual centralizers [g, g’ ]=0

e Restriction of Wto GXxG’': Wlaxe = P ma(Q) @ 7 (0(0))
(exsss,

° multw(ﬂ'g(C)) = dim 7 (H(C))
0 : E](/;V — E)(/;\;

multyy (76 (6(0)) ) = dim 7 (¢) S (



Historical digression 1

 Wigner (1937): (U(4),U(N)), Racah (1943): (Sp(N),Sp(M))

* Nuclear physics: Interacting boson model, Nuclear shell
model, etc

 Dynamical group, Spectrum generating group, etc

e Review: Rowe, Carvalho and Repka,

“Dual pairing of symmetry groups and
dynamical groups in physics”, 1207.0148

 Coherent state physics (1970s~)



Historical digression 2

 Oscillator representations of non-compact Lie groups
e SO(1,d): Dirac (1944), “expansor”
e SO(1,3): Harish-Chandra (1947), “expinor”
e S0O(2,3): Dirac (1963), “Remarkable representation”
e SO(2,4): Kursunoglu (1962), Mack-Todorov (1969), ...

e SU2,2|N), OSp(N|4,R), OSp(8*|N): Gunaydin et al (1980s)



Historical digression s

e Higher spin (HS) gravity
* Spinorial AdS4 : (Fradkin-)Vasiliev (1988-1992)
e Spinorial AdSs & AdS7 : Sezgin-Sundell (2001 & 2002)
* Vectorial AdSd+1 : Vasiliev (2003)

* Many related works : Alkalaev, Bekaert, Boulanger, Mkrtchyan,
Grigoriev, lazeolla, Skvortsov, Sundell, ...

 Dual pair correspondences (in Mathematics)

e Explicit analysis of classical Lie groups in 1990s~



Irreducible Dual Pairs

 Any dual pair (G,G’) has the form,
G=G1 xGyx-xGp, G'=G xGyx---xG

where (G;,GY) is a real form of (GLy;, GLy) or (On, Span)

Embedding group (G, G")
Sp(2M N, R) (GL(M,R),GL(N,R))
Sp(4M N, R) (GL(M,C),GL(N,C))
Sp(8M N, R) (U*(2M),U*(2N))

Sp(2(M4 + M_)(N4+ + N_),R) | (U(M4,M_),U(N4+,N_))
Sp(2M (N4 + N_),R) (O(N4+,N_), Sp(2M,R))
Sp(4M N, R) (O(N,C), Sp(2M, C))
Sp(4N (M4 + M_),R) (O*(2N), Sp(M4, M_))




Irreducible Dual Pairs

e (GLwm, GLnN)

(Wl , &), A=1,... M, I=1,...,N,

wh, @71 =046,  [wi,wp) =0=[@f,&7].
1 N | . M
XA = 5{@}47wé}:@}4¢dé+55§7 Ry’ = 5{00}47%{1}:“}4%{&4‘75}]
e (On, Spam)

[?LILX) yé] = kB Q' ,

KlJ — pAB, (I J)

Mag = Qryyla v Ya Yp



Oscillator (Fock) realization

(GL(M,R), GL(N,R)) C Sp(2M N, R) (GL(M,C),GL(N,C)) C Sp(4MN,R) (U*(2M),U*(2N)) C Sp(8M N, R) (U(m,n),U(p,q)) C Sp(2M N, R)
T (Wt =wh, (@M =-&f (Wit (@M = - (WOt =Qr QB wh, (0T = -7 Qupaf (W)t =napn'’ &F
Azl,. ,M, Izl, .,N Azl, .,M, I:L .,N A:L...,2M, 121,,2N A_(aja)’azl, 7m’a:1’ N
I_(i7i)7Z:17 7p)i_17 »q
(o, &) aly :%(wA }4) aly %(wﬁl ), vl ::%(wﬁl*—&)f‘) aly ::7( — Qa7 ) ab =Wl bR i=a2, G i=of,  dii=uwl
X{p =X+ (X4p)" = a _ _zafi | .a i
g . ~ o +B B B Xb—aa—c ct + oy, X% =—alby +cfd
X4p =5 (af ap —af aj + a7 af —aj ap) A L (zA I _iBpl | ~AFB _ pl I XAB:%(d?aIB_&IBa?_a?a§3+dlAd{3) C ’ ’
XAp =3 (aftal; — 0P bl +af b8 — bl aly) - o }
X = b b2+ dedi— B5162, X%, = ai b — b de
J J J\* ~. .
o ) ) o Rer” = Rr” £ (Br7) R’ =a%al, —bLb3 + ™56t Ryt =alcl —bLds,
Ry’ =5 (a7 ap —aj aly +af aj — ajy a}) R’ =1 angAbIJr&AEAbeaJ) RII:%(“?“A*@Q“?*“?%*“[a;]x) ’ ’ L ’
2 A J YA IYJ AYA i a Ji m n i i ~a ~i a Ji
Rt = —& 0+ ddi—msngt R = —atd 4 bidl
(O(p,q), Sp(2n,R)) C Sp(2n(p + q),R) (O(N,C), Sp(2M,C)) € Sp(4MN,R) (0*(2n), Sp(p, q)) C Sp(4n(p + q),R)
I I I AB
t ()" = Jrryh (W) = Jrryy* ()T = Q4P W,y
A= (a,a), a=1,...,p, a=1,...,q A=1,....N, I=(,i),i=1,...,.M A= (4+a,—a), a=1,...,n,
I=(+i,—i), i=1,....n I=(+i,—4), i=(rx),r=1,....p, t=1,...,q
~ —i 1
(Oé, Oé) CLZ = Ya > bza = yaZ CL:’4 = 75 (yjjél + 77[J y;{*) a’aR - QRS yfaa - QRS yia
My, = af al — ala My, = G2 b° — a?, b M7y == Mag + (Map)* Mo v=—(alay -0+ (p—q)d
g ab = Q; ab a; a ab = Q; Uy — Qg Oy i = Map £ (Mag) +a-b ay ap cbp+(—q) ab)
S _ B O .
My, = WP UL — b2 VL MAB:%(afaIB aPaly — Q' a [ aJ]—I—QUa[IAa‘é]) M+a+b:aR[“a}]z+b?abb]R, M,a,b:aR[aag—i—b][fbb]R
g/ K+i+i — az al — b2 b2 K-i-J — CNL? a;z - bgb KjI:J Kl 4 (KI‘])*, KRS — 2@((11% aS)a) KRS 26((1}% bs)a’
K*17 =% al, — b2 bl + 254 5t K'Y = 1 (a, af + QIK QIL gk it 420K g o)) KRR = gRapsa 4GB pR




Other realizations

e Schrodinger realization




=  Seesaw Pairs

~N /
e Dual pairs (G,G’') and (G,G") in Sp(2N,R) S><S
G G’
o Homg(ms, mala) = Home (7qr, malar) TG TGy
mult, (75) = mult, ., (7g) 7T(~;><7TG’

e Useful in deriving the correspondences



Correspondences

e Compact dual pairs
o “Exceptionally compact” dual pairs

e Simplest non-compact dual pairs



Examples

1. (UM) , UN))
2. (UM+,M-) , UN))

e AdS5/CFT4:(U(2,2), UN))

3. (GL(1,C), GL(N,C))
4. (GL(M,C) , GL(N,C))

e 4d Scattering Amplitude : (GL(2,C) , GL(N,C))



E
x1. (UM), UNN))

b
— CLQ :
1 b NQ

b a
| .
X RJZ -

) A i
a —|— (5 a



Ex2
. ( UM+,M-)
~] U(N)
)

Xa
b—&@ai
b+ 5o
b X
o= 0
a
L5 — X
b X
b:—NaM
a; by
, X°
b = a}
12

R
] :N
a%at — b
a_bi
b2
i J_|_M+—M
2 = 6!
j7




Ex2. (UM+,M-) , U(N) )

e M+=M-=2:S5U(2,2)=S0(2,4)

N=3 :

[(81 + So +n,n, S92 — 81)](](3)

(51 + 52, —n, 52 — 51 — n)]y(3)

(51 +s2+n,n) @ (51— s2+k, k)|yw

)

2(so +n — k)| ()®DSO+(24)(81+n+/€+N;51,32)

—

—

<

[:EQS]U(D &) D§\5+(2’4) (S + 1; s, :|:S)

252]u(1) ® Dgps (g.4)(51 + 2551, 52)

2(5 + n)]ua) ® Dot (8 + 1+ 258,5)

SO (2,4)

[—2(s + n)]ua) ® D (s+n+2;s —s).

SO (2,4)

2(s2 +n)]ya) ® Dso+ (2. (s1+n+3;s1,52)
[2(52 = M)]u(1) ® Dgps (9.4 (51 + 1+ 3551, 52)



Ex3. (GL(1,C), GL(N,C) )

XAB:%(&AQB—Z)B[)A—F&AEB—Z?ACLB), Z+=C~LA[;A—CLA[)A, Z_ZELACLA—BA[?A

GL(N,C) U(1,1) = SL(2,R) x U(1)

CNLABA, F:—CLAbA
U >< U

U(N) GL(1,C)=2C* =2R" x U(1) Z, =FE+F, 7z =]

H=ad"as+bsb" +N )
J=a%a, —byb?
F =



Ex3. (GL(1,C), GL(N,C) )

. L 0 o
* Schrodinger realization wi=-—7, wa'=-—, @"=2",
0 %,
_ A A
A a0 1y ‘v =2 gat gt
XAg =24 " 463,
323 2 o o
Z_ = A
0z4 0zA

e Determinant homogeneity condition = CPn

(Z | Uw(g) |¥¢m) = |det g| (29| P¢ +)
(z|Uwla) [¥¢m) = la|(az|P¢s)

g€ GL(N,C)],
a € GL(1,C)],




Ex4. (GL(M,C), GL(N,C) )

e Schrddinger realization

e Determinant homogeneity condition
(the most degenerate principal series representation)

- Complex Grassmannian Grv,n(C)

(2| Uw(9) [Wem) = |det g™ (zg|P¢m)  [g9 € GL(N,C)]

(2| Uw(h) [W¢ ) = | det h|Y (B 2 [Ue )

) deth \"
— | det h|i€ (|deth|> | Uem) (b€ GL(M,C)]



Ex4. (GL(M,C), GL(N,C) )

e M=2: Scattering amplitudes of 4d CFT fields

U(2,2) GL(N, + N_,C)

s

GL(2,C) U(N.,N_)



Parallelism:
(Sp(2M,R) , O(N) ) and ( GL(M,R) , GL(N,R) )

e Correspondence

* (Sp2M,R), ON))

e (GL(M,R), GL(N,R))
 Physical Application

e AdS4/CFT3:(Sp(4,R), ON))

e 3d Scattering Amplitude : ( GL(2,R) , GL(N,R) )



Parallelism:
(O*2M) , Sp(N) ) and ( GL(M,H) , GL(N,H) )

e Correspondence
* (O"(2M), Sp(N) )
e (GL(M,H), GL(N,H))
e Physical Application
e AdS7/CFTe: (0O*@8), Sp(N))

 6d Scattering Amplitude : (GL(2,H) , GL(N,H))



dS representations

e dS3: (Sp(2,C), O(1,C))

(Mloae) ==z,  +—

e dS4: (Sp(1,1), O*2))

[:EQS]O*(Q) —

e dSs: (U*(4), U ?2))

Clr+ ® [m]su(2) A Clr+ ® TSo™ (1. 5)(C m)



Branching properties

* Singleton,
e Single sum decomposition under SO(2)xSO(d) restriction

* (Almost) irreducibility under restriction to isometry groups

ma(C) G & ma(0(0)

| oo X v |

() G G 7w (0(0))



Branching properties

e Ex1: Restriction of conformal fields to AdS4

DU(N,N)Q(W;n)v %]U(N) & [<|n|2—n), %]U(N)) [(’an@)
Dspanr) ([(In]); Hu ) [(n)]ua)

o Ex2: Restriction of conformal fields to dSa

[n[+n [n]|=n

DU(2N+,2N—)([( 5), %}U(2N+) @ [(F57), %]U(zN_)) 7+ Nty = N_|ox(2)

l e

7TSp(f\f+,1\f—)([( 2 )]Sp(N_|_)®[( 2 )]Sp(N_)) 7+ Nt = N-Juq)




Casimirs

e (GLm, GLn) x(t):;)tncnm, r(t):;)tncnm]

e (On, Spam) m(t)zzot”cn[M], k(t):;)t”c’n[K]

k(t) = (2M - N) (1 + 224?]4\;» m (2+(2J\2/[t+N)t)

2M 1 14+ Mt 2t
(1 + %t) (1 + 2+]\;t> — 3t (1 + 1+(1+M)t> m <2+(2M+N)t)



Conclusion

e What I didn’t talk about

* Role of discrete subgroups
* Plethysms

e Future directions

e Correspondences in more general dual pairs
 Exploration of physical applications
* Fermionic and supersymmetric cases

e Other embedding groups



Thank you (and have a nice vacation)




